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Acoustic Analysis of Gas Turbine Combustors
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Combustion instability has become a major issue for gas turbine manufacturers. Stricter emission regulations,
particularly on nitrogen oxides, have led to the development of new combustion methods, such as lean premixed
prevaporized (LPP) combustion, to replace the traditional diffusion flame. However, LPP combustion is much more
liable to generate strong oscillations, which can damage equipment and limit operating conditions. As a tutorial,
methods to investigate combustion instabilities are reviewed. The emphasis is on gas turbine applications and LPP
combustion. The flow is modeled as a one-dimensional mean with linear perturbations. Calculations are typically
done in the frequency domain. The techniques described lead to predictions for the frequencies of oscillations and
the susceptibility to instabilities for which linear disturbances grow expotentially in time. Appropriate boundary
conditions are discussed, as is the change in the linearized flow across zones of heat addition and/or area change.
Many of the key concepts are first introduced by considering one-dimensional perturbations. Later higher-order
modes, particularly circumferential waves, are introduced, and modal coupling is discussed. The modeling of a
simplified combustion system, from compressor outlet to turbine inlet, is described. The approaches are simple

and fast enough to be used at the design stage.

Introduction

EAN premixed prevaporized (LPP) gas turbine combustors
have the great advantage of very low NOx emission. However,
they are susceptible to instability. These instabilities involve cou-
pling between the rate of combustionand acoustic waves in the com-
bustor: Essentially unsteady combustion generates acoustic waves,
which alter the inlet flow rates of fuel and air. At lean premixed
conditions, this changed fuel-air ratio leads to significant unsteady
combustion. If the phase relationshipis suitable,' self-excited oscil-
lations grow. Because acoustic waves play such a central role in this
phenomenon, the frequencies of the combustion oscillations tend
to be close to the acoustic resonance frequencies of the combus-
tion system. Although the coupling between the combustion and
the acoustics modifies the frequencies of oscillation, under many
circumstances the shift in frequency is small. A complete analysis
of this phenomenonrequires the capability to model and understand
the acoustic modes of the combustionsystem and to couple these to
a flame model that describes the unsteady combustion response to
these acoustic disturbances. Although the drive for low emissions
has made gas turbine combustors particularly susceptible to insta-
bility, such oscillationshave long been anissue for other combustion
systems, for example, rocket motors >3
This paper is structured as a tutorial. It starts with the equations
of motion and investigates the form of linear disturbances. In a
region of uniform mean flow, these are found to consist of acous-
tic, vortical, and entropic disturbances. We begin by investigating
one-dimensional disturbances, in which these linearized waves are
functions of a single spatial variable and time, propagating in a
duct of uniform cross-sectionalarea. After application of appropri-
ate boundary conditions, the mode shape and resonant frequencies
are determined. The analysis is gradually developed, adding incre-
mentally various effects that characterize gas turbine combustors.
These include unsteady heat addition, mean temperature gradients,
and a mean flow velocity. We investigate how these effects alter
the frequencies of oscillation and the mode shapes. In this paper,
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we concentrate on an acoustic analysis of gas turbine combustors.
The discussion of flame models is in a companion paper in this
issue,* and here we consider the dependence unsteady heat release
on fuel-air ratio, which is widely recognized as the major cause of
instability in LPP combustors. However, the techniques described
could be used with any flame model for other configurations.

The one-dimensional examples introduce many of the key con-
cepts, but need extension to be applicable to annular combustors, in
which the longest combustor dimension can be its circumference.
This means the lowestresonancefrequencyis associated with modes
that propagate in the azimuthal direction. We, therefore, extend the
modal analysisto annularand cylindrical geometries. Then the axial
phase speed of acoustic waves is usually a functionof frequency and
some modes are cutoff, decaying exponentially with axial distance.

In an LPP combustor, the acoustics from compressor exit to tur-
bine entry can influence the combustion instabilities. We note how
this combustion system can be represented by a series of annular
and cylindrical ducts and describe how these ducts can be joined
to determine the resonance frequencies of the complex system.’ !0
Finally, we note that, when the geometry is no longer axisymmetric,
modal coupling may occur and describe the influence of that on the
frequencies of instability and the modeshape.

Linearized Equations of Motion

Because this paper aims to be an introductory tutorial, we will
start from the full equations of motion and derive their linearized
form. For a compressible viscous fluid in the absence of external
forces, conservation of mass and momentum lead to the Navier—
Stokes equations,
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where p is the pressure, p is the density, u is the velocity, and o; ;
is the viscous stress tensor. Here D/Dt is the material derivative,
d/0t +u -V, and e; represents the unit vector in the direction of
coordinate i. For a perfect gas, we have the gas law p = Ry, 07,
where 7 is the temperature, R,,, =, — ¢, is the gas constant, and
¢, and ¢, are the specific heats at constant pressure and volume,
respectively. The internal energy per unit mass, e, is equal to ¢, 7T,
and the enthalpy /1 is ¢, T =e + p/p. Conservation of energy gives
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the energy equation,
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where k is the conductivity and ¢ is the rate of heat added to the
fluid per unit volume. When Eq. (1b) is used, this can be written as
Dh  Dp
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We define entropy S by the thermodynamic relation dh =7dS +
(1/p)dp. Hence, Eq. (3) gives that

DS au[
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PTo; =4+ V-« )+U"axj “
showing that it is heat input, heat transfer, and viscous effects that
lead to an entropy increase for a material particle. Taking the curl of
Eq. (1b) and using Eq. (1a) gives an equation for the development
of the vorticity,§ =V x u,
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The first term on the right-hand side describes how the stretching of
vortex lines intensifies the local vorticity, and clearly the last term
represents generation of vorticity by viscous effects. The second
term shows that vorticity can be created when the pressure gradient
and density gradient are not aligned. An example of this would be
an acoustic pressure oscillation with a componentnormal to a flame
front (density gradient), so that, for instance, circumferential waves
will generate vorticity at combustion zones.

We will now assume inviscid flow (o;, ; = 0). We will also assume
the fluid is an ideal gas, thatis, in additionto being a perfectgas there
isno heatconduction,and we take ¢, and ¢, to be constant. From the
precedingdefinition of entropy, we find that S = ¢, log(p/p?) (plus
an arbitrary constant, which we set to zero), where y = ¢, /c, is the
ratio of specific heats. We take the flow to be composed of a steady
uniform mean flow (denoted by overbars) and a small perturbation
(denoted by primes),

px,t)y=p+p'(x1) (6)

and similarly for the other flow variables. (Note that the overbars
denote the time mean of all variables, not the density-weighted
Favre averages that would be more common in combustion.) From
Egs. (1),(4),and (5), the linearizedequations for these perturbations
are

Do’
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where D/Dt = 3/3t + it - V and we have used that £=10. Combin-

ing Egs. (7a-7c) and using §'=c,p'/p —c,p’/p =0 leads to the
inhomogeneous wave equation,
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where c is the speed of sound. We see that the vorticity equation (7d)
is not coupled to either the pressure or the entropy. For no unsteady

heat input, the pressure equation (8) and entropy equation (7c) are
also uncoupled. Any perturbation can then be thought of as the
sum of three types of disturbance,!! 1) an acoustic disturbance that
is isentropic and irrotational, 2) an entropy disturbance that is in-
compressible and irrotational, and 3) a vorticity disturbance that is
incompressible and isentropic. These three types are independent
and can be considered separately. For the pressure (acoustic) distur-
bance, we have S’ =0 and ¢’ = 0; hence p’ = p’/c*. Because ¢’ =0,
Eq. (8) becomes the convected wave equation for p’,
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with the corresponding u’ being given by Eq. (7b). These solutions
are acoustic waves; relative to the fluid, these propagate at the speed
of sound in all directions. For the entropic disturbance, p’ =0 and
u' =0. From Eq. (7c), we see that the entropy wave is stationary
relative to the fluid, that is, it is convected with the mean flow; this
is sometimes referred to as a convected hot spot. For the vortical
disturbance, p’ = p’' =0and V - u' =0, and Eq. (7d) shows that this
is also convected with the mean flow. If the mean flow is zero, only
acoustic disturbances propagate.

Conditions Across a Flame Zone

We now consider the affect of a thin flame zone in the plane
x =0, where we take the rate of heat input per unit area to be Q4.
There will be a discontinuityin the flow parameters acrossthe flame;
we denote conditions at x =0_ and x =0, by subscripts 1 and 2,
respectively. From Egs. (1) and (3), we find that

Polly = Pl (10a)
P2 + pou; = pi + piu; (10b)
paur Hy = pyu  Hy + Q4 (10c)

where H =h + %uz is the stagnationenthalpy.To calculatethe mean
flow, we assume that Q, is known (from knowledge of the fuel
type, equivalenceratio, etc.). A flame model is used to describe the
dependence of Q’, on the flow perturbations (see Lieuwen®).

Boundary Conditions

At the inlet and outlet of the combustion system, there are bound-
ary conditions that the perturbations must satisfy. If the outlet dis-
charges into the atmosphere or a large plenum chamber (as is often
the case for combustor test rigs) we may model this as a open end,
taking p'(r, 8, t) = 0. If theinletis supplied by a plenum chamberwe
may treat this also as an open end [p'(r, 6, t) = 0] and additionally
assume that there are no entropy or vorticity disturbances present.
The compressorexitand turbineinletofa gasturbinecan be modeled
as a choked inlet and choked outlet, respectively, to the combustion
system. Marble and Candel'? showed that for one-dimensional per-
turbations the boundary condition of constant nondimensional mass
flow rate at a compact choked outlet reduces to

20 /i) + p'/p— P /p=0 (1

Stow et al.!* have shown that this condition still applies for
circumferential-varyingdisturbancesin a narrow annular gap. (Dis-
turbances in narrow annular gap geometries are discussed later.)
For a compact choked inlet, Stow et al.!* considered the interac-
tion of the shock position and the flow perturbations, finding that
for one-dimensionaldisturbancesthe perturbationsin mass flux and
energy flux are zero just after the shock and that for circumferential-
varying disturbances in a narrow annular gap the angular-velocity
perturbation is also zero. From conservation of mass, energy, and
angular momentum, these quantities are also zero at the start of
a straight duct with a low Mach number mean flow M, just down-
streamof the chokingplane. This gives the inletboundary conditions

plp+ufi=p[p—p/p+(y— DM@ /i)=w=0 (12)
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For a weak shock, one would expect that there is negligible entropy
production. However, the equations imply that the (usually ignored)
entropy perturbation downstream of the inlet is in fact compara-
ble to the acoustic oscillations. (In a frame of reference moving
with the shock the acoustic perturbations are indeed much larger
than the entropy disturbance, but viewed in a stationary frame close
to the shock the discrepancyis not as great. After an area increaseto
a low Mach number region, the acoustic perturbations are smaller
still and are then of the same order as the entropy perturbations.)
For circumferentially-varyng disturbances, a significant vorticity
perturbationis also produced.

Other analytical inlet and outlet boundary conditions, such as
acoustically closed ends (¥’ =0) or semi-infinite (nonreflecting)
pipes, can also be used. Alternatively,the acousticimpedance of the
inlet or outlet can be measuring experimentally using microphones
and acoustic source driven over a range of frequencies. (This ap-
proach is similar to the measurement of the transfer matrix for a
premixer discussed subsequently.)

One-Dimensional Disturbances

Plane Wave Solutions

As an introductory example, let us consider first a duct, with
uniformcross-sectionalarea, mean temperature,and density with no
mean flow, in which the unsteady flow parameters are just functions
of the axial space coordinate x and time, ¢. Then the general solution
of the wave equation (9) can be written in the form

p'(x,t)y= f(t —x/c) +g(t +x/c) (13)
where the functions f(¢) and g(¢) are arbitrary. From the one-

dimensional form of the linearized momentum equation (7b), the
particle velocity in the x directionis given by

that is,
w'(x, 1) = (1/pc)[f(t —x/c) — gt + x/c)] (14b)

For perturbations of frequency w, it is convenient to write

f()=Re[ f exp(iwt)], where the circumflex denotes a complex
amplitude. With this notation,

p(x) = fexp—iwx/¢) + g expliwx /E) (15a)

u(x) = (1/,55)[fexp(—ia)x/5) —gexpliwx/c)]  (15b)

The resonant frequencies follow from application of appropriate
boundary conditions at the ends of the duct. For example, with a
large plenum attached to the duct end at x =0 and a restriction at

x =1 as shown in Fig. 1, the appropriate boundary conditions are

pO) =u()=0 (16)

Fig. 1 Boundary conditions in the model problem.

Equation (15a) then leads to § = — f , and it follows directly from
Eq. (15b) that

cos(wl/c) =0 (17a)
with solutions
w=w,=@0-"1)mxil) (17b)

for integern > 1. These are the resonant frequencies w, of the duct,
describing the oscillations in which the pressure oscillates without
decay. The corresponding modeshapes are

px) = A, sin[(2n — 1) x/2l] (18a)
u(x) = (iA,/pc)cos[(2n — 1) x/2l] (18b)
for an arbitrary constant A,,.

With Unsteady Heat Addition

With heat addition at a rate g (x, f) /unit volume, the pressure per-
turbations satisfy an inhomogeneous one-dimensional wave equa-
tion that follows from setting # = 0 in Eq. (8):

T T T (19)

The term on the right-hand side describes how the unsteady addi-
tion of heat generates pressure disturbances. For a specified rate of
heat release, ¢'(x, t), this inhomogeneous wave equation could be
solved to determine the resultant sound field. However, combustion
instabilities are due to feedback when the rate of heat release is af-
fected by the flow perturbations it generates. We can illustrate the
effects of this through simple model problems.

We again consider a flow that satisfies the boundary conditions
(16), but now suppose that the rate of heat release responds to the
flow in specified ways.

Example 1. Suppose that the rate of heat release perturbation
q'(x, ) is influenced by the local pressure but lags it by a time
delay 7. It is convenient to write the constant of proportionality as
20/(y — 1), thatis,

q'(x, 1) =[2a/(y — DIp'(x, 1 — 1) (20)

The form of the pressure perturbation can be determined by sub-
stituting for ¢'(x, t) in (19) and seeking a separable solution,
p'(x, 1) =Re[p(x) exp(iwt)]. This leads, after application of the
boundary conditions,to p(x) of the form given in Eq. (18), and the
equation for the resonant frequency w is

®* + 2iwa exp(—iwt) — a),zl =0 21)

where w, is defined in Eq. (17b).

When o =0, the roots of Eq. (21) are the undamped resonant
organ-pipe frequencies w,, .

When « # 0 and 7 =0, the quadratic equation (21) for w can be
readily solved to give

o=

w = —ia F (0 — a?) (22)
Note that w is now complex. Because the time dependence is
exp(iowt), then —Im(w) is the growth rate of the disturbances. Here
expliot) = exfgat Fi(w? —a?)'/*t], showing that the oscillations
grow exponentially in time if « is positive. We have recovered
Rayleigh’s criterion! from this particular example: Unsteady heat
input in phase with the pressure perturbation has a destabilizing
effect and tends to increase the amplitude of the perturbations. In
contrast, for negative «, that is, heat input in antiphase with the
pressure, the oscillations are damped.

When a # 0, T # 0, Eq. (21) would, in general, need a numerical
solution, and some results are shown in Fig. 2. (In Fig. 2 and subse-
quently, a normalised frequency fy =Re(w)/w; and a normalized
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Fig. 2 Variation with 7 of the root of Eq. (21) near wy: —, a/wy =
0.01; -——, a/w; = 0.02; and ——, a/w; = —0.01.

growthrate gy = —Im(w)/w; are used.) However, the general char-
acteristics of the solutioncan be investigated by considering small «
and determiningthe roots iteratively. We have already noted that, for
o =0, arootof Eq. (21) is at ® = w,. For small «, this root moves to
w =w, + ¢, where ¢ is small, and substitution into Eq. (21) shows
that

&= —laexp(iw,7) = —ia cos(w,T) — a sin(w,T) (23)

We see from this that any o cos(w,t)>0 leads to a posi-
tive growth rate, that is, any unsteady heat input with —7/2 <
phase(g/p) < 7 /2 is destabilizing. It is also clear that the resonant
frequency is shifted whenever « sin(w, t) # 0: Rate of heat input in
quadrature (790 deg) with the pressure alters the frequency, and
unsteady rate of heat input leading the pressure (490 deg) tends to
increase the frequency and reduces the frequency when it lags the
pressure. This effect was noted by Rayleigh.! These analytical pre-
dictions for small o are confirmed by the numericalresults shownin
Fig. 2. For « > 0, the growth rate is increased for cos(w; 7) > 0, that
is, 2n — %)n <wT<@n+ %)n and decreased when cos(w; 7) is
negative. Also the frequency is decreased for sin(w;7) > 0 and in-
creased for sin(w, 7) < 0. The behaviorsare reversed for negative .
For nonzero 7, Eq. (21) becomes transcendental and has additional
solutionsthatare primarily related to T ~! rather than the downstream
geometry. For example, for small || these are at Im(w) — 0o, and
Re(w) ~2mm /v for negative o and (2m + 1)z /7 for positive o,
where m is an integer. We see these are the even/odd harmonics for
the convection time 7. The choice of even and odd comes from a
balance of the right-hand side and the first term on the left-hand
side in Eq. (19), these being much larger than second term on the
left-hand side, which represents the axial variation and, hence, the
effect of the geometry.

This simple example illustrates that combustion instability is a
genuinely coupled problem. Both the acoustics and the unsteady
combustion must be considered. The coupling between them af-
fects both the frequency and the susceptibility to self-excited oscil-
lations. At certain conditions, linear perturbances are predicted to
grow exponentiallywith time. In practice, nonlineareffects the most
sugnificant of which is usually a saturation in the heat release re-
sponse (Dowling'*), lead to a finite amplitudelimit cycle oscillation.
However, this first example is an oversimplification of what occurs

in practice. In LPP gas turbines, it is not the unsteady pressure that
has the greatest influence on the rate of heat release: Rather, it is
related to the instantaneous fuel-air ratio, which is most affected by
the velocity of the airstream near the fuel bars. See the companion
paper by Lieuwen” for a discussion of the main causes of unsteady
combustion. Moreover, the heat release tends to be localized rather
than distributed throughout the duct as in example 1. We can again
illustrate the influence of these effects through an example.

Example 2. We now considerthe unsteady heatinputto be concen-
trated at a single axial plane x = b and to be related to the oncoming
air velocity there with a time delay t,

q'(x,1)=Q'(8(x — b) (24a)
Q'(t) = —[Bpc*/(y — DIu(t — 1) (24b)

where Q’(t) is the rate of heat input/unit area and subscript 1 de-
notes conditions just upstream of this region of heat input, that is,
u(t)=u(b™, ). Lieuwen* discusses forms of the unsteady heat in-
put. In this paper we note that the nondimensionalnumber 8 can be
expected to lie in the range from O to about 10 and that in a LPP
system 7 is typically the convection time from fuel injection to its
combustion. (For simplicity, u| has been taken to be the velocity just
upstream of the flame. However, for consistency with 7 being the
fuel convection time, the flame model should really be referenced
to the perturbations at the fuel injection point, as is done in exam-
ple 5. However, the distance between these points is typically short
compared to the wavelengths, and so the phase difference between
them will be small, although they may differ in magnitude by the
area ratios.)

With the rate of heat input ¢’ (x, t) as given in Eq. (24a), Eq. (19)
reduces to the homogeneous wave equationin the regions x < b and
x > b. Integration across x = b gives

Pzt =0 (25a)
ap 1" 1dQ’
&L __y_ 14 (25b)
0x . ¢z dt

Equation (25b) is equivalent to
W2 = = D/pE1Q'() (26)

relating the volumetric expansion to the instantaneous rate of heat
input. After substitution for the particular Q’(¢) in Eq. (24b), we
obtain

Wby, t)=u'(b_,t) — pu'(b_,t —7) 27)

We will considersolutions with time dependenceexp(iwt) and want
to find the resonant frequencies w and the modeshapes.

In x < b, the solution of the homogeneous wave equation that
satisfies the inlet boundary condition p(0) =0 is

p(x) = Asin(kx) (28a)
i(x) = (i/pc)A cos(kx) (28b)
where k is the wave number w/c¢ and the complex constant A has

yet to be determined. Similarly, in x > b, the boundary condition
i(l) =0 leads to

p(x) = Bcos[k(l — x)] (29a)
i(x) = (i/pc)B sin[k(l — x)] (29b)

The pressure jump condition (25a) then gives
Asin(kb) = B cos[k(l — b)] (30)

whereas the velocity jump condition (27), on division by Eq. (30),
gives
tan(kb) tan[k(! — b)] = 1 — Bexp(—iwT) 31

The resonant frequencies follow from a numerical solution of
Eq. (31). Their dependence on B and t is shown in Figs. 3 and 4.



DOWLING AND STOW 755

1 e S .
& T
= 08 7
5 : : : : :
206 - L L - - - -
S : : : : )
& : : : : :
Boar i N\
= : : : : :
E o2t
0 i i i i i i i i i
0 01 02 03 04 05 06 07 08 09 1
B
Fig. 3 Variation of frequency with 3 for the root of Eq. (31) near
wi, taking 7 = 0 and b = I/10: , exact solution and ———, one-term

Galerkin approximation (40).
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Fig. 4 Variation of growth rate with 7 for the root of equation (31)
near wj, taking b = /10: —, 8 =0.2; ———, 3 = 0.4; ——, 3 = 0.6; and
e, 3=08.

For 8 =0, the roots are at w = w,. As 8 varies, for t =0, the rate
of heat input is in quadrature with the pressure perturbation and so
only shifts the frequency of oscillation: A time lag is required for
the unsteady heat input to destabilize the system. [Note the 90-deg
phase difference between p’ and «’ in Eq. (28).] For T # 0, the un-
steady heat input affects both the growth rate and the frequency of
oscillation. Perturbations grow in time if, in this undamped system,
the rate of heat input has a component in phase with pressure per-
turbation. It is clear from the form of the heatinputin Eq. (24b) and
the modeshape in Eq. (29) that this requires

—7n < Re(wt) — phase[f cot(kb)] < 0 (32)

These bands of instability are clearly seen in Fig. 4.

The modeshapes follow from the substitution for B from Eq. (30)
into Eq. (29) and have the form
C sin(kx)/ sin(kb) for 0<x<b

_, 33

plx) = {C
cos[k(l —x)]/cos[k(l —=b)] for b<x<I

where the constant C is arbitrary.

Galerkin Series

Another way of solving the inhomogeneouswave equation (19)is
through a Galerkin expansion. This involves expanding the pressure
perturbation as a Galerkin series:

P =Y (O, () (34)

m=1

where the functions v, (x) are the eigensolutions or normal modes
of the homogeneous wave equation that satisfy the same bound-
ary conditions as p’. In general, they are orthogonal, and we will
denote their eigenfrequencies by w,,. Substitution for the pressure
perturbation from Eq. (34) into Eq. (19) then leads to

/

N dznm 2 aq
—_— = —1)— 35
E ( 2 Ol Un () =y — 1) or (35)

m=1

After multiplicationby v, (x) and integration with respect to x, the
orthogonality of ¥, (x) shows that Eq. (35) becomes

dzrln 2 Yy — 1 ! aq/
— = -V, ) = 1, e 36
+ w,n 5 ) o v, (x)dx n (36)

ds?
1
m=/ﬁm
0

Equation (36) is a complicated system of equations because ¢'(x, t)
is related to the local flow and so involves all of the unknown coef-
ficients n,, (?).

To make the analysis tractable, it is usually assumed that dg’/dt
is small in magnitude and needs only be evaluated approximately.
Culick® describes the method clearly. When dq’/dt =0, the nth
modeis p(x) =n,(t)¥, (x) with frequency , . Culick recommends
making this acoustic approximation when evaluating d¢q'/dt, re-
placing the pressure and velocity perturbations by 7, (t)¥, (x) and
Ny (t)/,5a),2,) dy, /dx, respectively, where the dot denotes a time
derivative. If the second derivatives of the amplitudes arise, they
are replaced by the zeroth-orderapproximation, 7}, (t) ~ —a),zl N, (t).
The errors introduced by these approximations can be checked by
applying the method to find the lowest frequency of oscillation in
example 2.

Example 2 by Galerkin series. After applying Culick’s rules, the
rate of heat release input in Eq. (24) leads to

=2
Be m(t—r)%(wa—b) (37)
X

where

a !
L=
ot y —1

and substitutioninto Eq. (36) gives

d’*n,
t2

=2 d
+ iy = ﬁE—‘lma - r)%(b)%(b) (38)

The solutions v, of the homogeneous wave equation are given in
Eq. (18)and ¥, (x) = sin(;rx/2[) leadingto E| = %l. Equation (38),
therefore, simplifies to

d’n, ) B b\ . (nb
i +win = l—znl(t—r)cos ETh sin T 39)

The frequency of oscillation, w, can be found by substituting
n1(t) = C exp(iwt) into Eq. (39) to give

® = a)f — (B*m J21*) exp(—iwT) sin(w b/ 1) (40)

The root of this equation is shown as a dashed line in Fig. 3 for
the particular case T = 0. Comparison with the exact solution given
in Eq. (31) shows that the one-term Galerkin expansion gives the
correct frequency and gradient at § = 0 but that it rapidly diverges
from the exact solution as 8 increases. That is not really surprising:
This method treats the shift in frequency as small, but it can be sub-
stantial for the type of combustionresponse typical of LPP systems.
The inadequacy of the one-term Galerkin for a more complicated
model problem was discussed by Dowling.!® Annaswamy et al.!”
noted that three terms in the Galerkin series were needed to model
the system dynamics for feedback control.

With Temperature Gradients

So far our examples have been somewhat artificial: They have
had an unsteady heat input ¢’(x, ) and yet the mean temperature
has been uniform. In practice, of course, heat input is associated
with temperature gradients and the mean temperature and density
are functions of position. We will introduce these effects through
discussionof the zero mean flow case. Then the momentum equation
(1b) ensures that the mean pressure is uniform and for linearized
perturbations,

p—=-Vp @1
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Fig. 5 System for example 3.

in an inviscid flow. We show in the Appendix that the mass conser-
vation equation (1a) and the entropy equation (4) can be combined
to give

1 ap’

— — =V u +—
532 Bt 52

—1
L (42)

whenheat conductionand viscouseffectsare neglected. Eliminating
u' from Eqgs. (41) and (42), we obtain

1 9%p/ 1 —109qg’
4 —,5V~(—Vp/) Y% (43)
I

c? 9t ¢z 0t

In this equation, o and ¢ vary with position, but o¢*> =y p is uni-
form if the small dependenceof y on temperature is neglected. We
can illustrate the influence of temperature variation by extending
example 2 to the case where the mean temperature rises from 7 to
T, acrossthe zone of heatinputat x = b, with correspondingchanges
in sound speed and density.

Example 3. Consider one-dimensionallinear disturbances of fre-
quency o in the system shown in Fig. 5. Just as in example 2, we
again apply the boundary conditions (16) and the flame model (24).

Outside the flame zone x = b, the solutions of the homogeneous
wave equation (43), satisfying the appropriateboundary conditions,
have the same form as in example 2 provided the local mean flow
variables are used. Hence, using Eqs. (28) and (29), we can write in
x<b

p(x) = Asin(k,x) (44a)
i(x) = (i/p161)A cos(k; x) (44b)
andinx > b
p(x) = Bcoslky(I — x)] (44c)
ii(x) = [i/$2E2]B sinlky (I — x)] (44d)

where ky =w/¢; and k, =w/c;.
Integration of Eq. (43) with g'(x, ) = Q'(¢)8(x — b) across the
region x = b leads to

Pr=t" =0 (45a)
x=b"t
1 ap’ —-1dQ’
b -m% (45b)
pox | _,_ picy dt
Equation (45b) is equivalent to
x = Yy — 1 ’
Wzt = S=90 (46)
1=

After substituting for the particular Q'(f) in Eq. (24b) and using
Eq. (44), we obtain

tan(k,b) tan[ky (I — b)] = (p2¢2/pre)[1 = Bexp(—iwt)] (47)

A comparison with Eq. (31) shows that the varying temperature
effects appearnotonly in the wave numbersk; and k,, whichaccount
for propagation effects, but also in the factor p,c,/(p,¢;), which

2 . , , :
& : L=
T z T
§ L6 : PR
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1 1.5 2 2.5 3 35 4 4.5 5
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Fig. 6 Variation of frequency with mean temperature ratio for solution
near wj taking 8 = 7 =0 and b = I/10: ——, root of Eq. (47), that is
solutionfor single temperature jump atx =b;— ——, uniformly distributed
heat release between x = 0 and x = 2b approximated by 10 temperature
jumps; and ——, uniformly distributed heat release between x = 0 and

x = 2b approximated by 5 temperature jumps.

describesthe impedancechange acrossthe flame zone. The solidline
in Fig. 6 shows how the temperature variations affect the resonant
frequency. A typical LPP gas turbine combustor operates with a
temperature ratio of around 3 (77 ~ 700 K and 7; ~ 2000 K).

So far we have assumed that the flame is compact, that is, axially
short compared the wavelengths of the perturbations. If this is not
the case, we may approximate the axial heat release distribution
by discretizing into a series of compact flames, each having the
form described earlier. Between these, there is assumed to be no
heat release, and so we use the usual wave propagation (15). The
dashed and dashed—dotted lines in Fig. 6 show results for applying
this approximation when, instead of a compact flame at x =b, we
have a uniformly distributed heat release between x =0 and x = 2b.
It leads to a 6% shift in the frequency at a temperature ratio 3.
An alternative approach is to seek a continuous analytical solution.
Exactsolutionscan be found for particulartemperaturedistributions
(such as linear variations and power laws)'®=2* and also for certain

area variations2*?

Effect of a Mean Flow

Most combustion systems involve a mean flow that brings fresh
reactants into the combustion zone. The Mach number of the on-
coming flow is so small (typically less than 0.1) that it is tempting
to neglect this mean velocity. The errors introduced by such an ap-
proximation are investigatedin this section.

A mean flow has two main consequences. Trivially, it affects the
speed of propagation of the acoustic waves, with one-dimensional
disturbances then traveling downstream with speed ¢ + u and up-
stream at ¢ — . In addition, the mean flow admits the possibility
of convected entropy and vorticity disturbances. These modes are
coupled by the requirement of conservation of mass, momentum,
and energy across zones of heat input.

Example4. Theseeffects may be illustratedby extendingexample
2 to include a mean flow. For definiteness we again apply an open-
end inlet boundary condition p'(0) = 0. At the downstream end, we
assume an area restriction in which the flow becomes choked, that
is, the mean flow velocity accelerates to the local speed of sound.
This is approximately the case for gas turbine combustors where the
nozzle guide vanes at entry to the turbine are choked. The appro-
priate boundary condition is then one of constant nondimensional
mass flow, or equivalently, constant Mach number. For linear per-
turbations, this reduces to

20 /i) + p'/p— P /p=0 (48)

(as discussed already in the boundary conditions section). Note that
the hard end boundary condition #’ = 0 is recovered from Eq. (48)
as u tends to zero. The heat input will again be considered as con-
centrated at the fixed plane x = b, the rate of heat input per unit
cross-sectionalarea being denoted by Q’(¢) with Q’(¢) given by the
particular flame model in Eq. (24).
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Upstream of the zone of heat input, there are acoustic waves
propagatingin both directions, and the flow is isentropic. The pres-
sure perturbation is the general solution of the convected wave
equation (9); this gives

p(x,1) = Aexpliowt)(expl—iwx /[¢; (1 + Ml)]}

— expliox/[¢,(1 — M)} (49)

for disturbances of frequency w, M, = uy/c;. For this isentropic
flow, p' = p’/c2, and for a perfect gas, c,T' = p’/p. The velocity
fluctuation follows directly from the momentum equation (7b):

piéu' (x, 1) = Aexpliot) (exp{—iwx /[¢ (1 + M)}

+ expliox/[¢(1 — M)1}) (50)

The fluxes of mass, momentum, and stagnation enthalpy into the
combustion zones [defined in Eq. (10)] can be expressed in terms
of the unknown complex A through Eqgs. (49) and (50).

Downstream of the region of heat input, there might be a con-
vected hot spot in addition to plane sound waves, and so

P (x,1) = expliot)(C exp—iwx /[, (1 + My)]}
+ Dexpliox/[&:(1 — M))]}) (51a)
P2ttt (x, 1) = expliwt) (C exp—iwx /[¢>(1 + M,)])

— Dexpliox/[6:(1 — M)]}) (51b)
1) =[P/, 0)[&] = (Sha/fc,) extlio — x/i)]  (51o)

e, T'(x, 1) = [p'(x, 1)/l + [SE [ (v — D, | exfio(t — x/itr)]
(51d)

forb<x <l and M,= i,/Cy. C and D are the amplitudes of the
acoustic waves, S is that of the entropy wave or convected hot spot,
and there are no vorticity waves in this one-dimensional example.
The wave amplitudesC, D, and S canbe foundin terms of A through
Egs. (10a—10c), which are the statement of conservation of mass,
momentum, and energy flow across the flame zone:

Polly = Pl (10a)
P2+ ,02”5 =p+ ,01”% (10b)
pauta Hy = pyuy Hy + Q4 (10c¢)

where H =c,T + %uz is the stagnation enthalpy and suffixes 1 and
2 denoteconditionsjustupstreamand downstreamof the flame zone,
respectively, thatis, at x =b_ and b,..

Care needs to be taken to recover the jump conditions for zero
mean flow from Eq. (10). In the limit u,, i, — 0, Eq. (10b) clearly
simplifies to p, = py, the zeromean flow jump condition[Eqgs. (25a)
and (45a)]. At first sight one might assume that Eq. (10a) gives
polty = Pyt as iy, U, tend to zero. That is wrong: Note it is incom-
patible with Eq. (46). The resolution of this apparent inconsistency
is that the strength of the entropy wave S enters the jump condi-
tions (10) only in the product iz, S. In the limit i, — 0, S tends to
infinity, in such a way as to keep the product %, S and, hence, i, p;
and u, T, finite. For low Mach number mean flows, there are very
large entropy fluctuations downstream of the flame zone. To see
this mathematically, it is convenient to first use Eq. (10a) to recast
Eq. (10c) into the form

/52122(("[)Tz/ + ﬁz”;) =0+ ﬁlﬁl(cpTl/ + ﬁl”/l)
= (H, — H) (b1t + pjity) (52)
for linear perturbations. After Eq. (51d) is used to expand ¢, T, and

the limit i — 0 is taken, this simplifies to

= = = b 7 T
P22 Sexp|:ia)(t — _—)i| =0 —c,(T,—T)pu; (53)

Cp (V - 1) U

Physically, Eq. (53) shows that entropy is generated unsteadily at
the combustionzone whenever Q' # ¢, (T, — T;) pyu |, thatis, when-
ever there is unsteadinessin the rate of heat addition per unit mass.
In particular, the assertion above that .S remains finite for small u
is confirmed. It is clear from Eq. (51c) that, in this limit, the left-
hand side of Eq. (53) is equal to —ﬁzégp;/(y — 1), and hence, the
equation can be rearranged to give

iy = —[(y = /&0 + (b1 — ), (54)

where we have used the perfect gas relationships to rewrite
c,(y = D)(Th —Ty)py /E% as p; — p,. Finally, substitution for i, o)
in the equation of mass conservationleads to

potty = potty, = [y = D /8] Q' (55)

thereby recovering the zero mean flow jump condition (46).

Once Q' has been related to the unsteady flow by a flame model
and linear flow perturbationsexpressedin terms of waves, the three
equations describing conservationof mass, momentum, and energy
across the flame zone can be rearranged to determine the down-
stream wave amplitudes C, D, and S in terms of the upstream wave
amplitude A.

With the wave amplitudes known, the flow perturbation at any
position in the duct can be written down using Eq. (51). For a gen-
eral value of w, the flow will not satisfy the exit boundary condition
(48). It is, therefore, necessary to iterate in  to find the complex
values of @ for which the exit boundary condition is met. These
are the frequencies of the thermoacoustic oscillations. Only distur-
bances with these particular frequencies can exist as free modes
of the duct/flame. The modes shapes are determined in this linear
theory, but not the level of the oscillation. In other words, a single
wave amplitude, for example, A, is arbitrary, but then all other wave
amplitudes are given in terms of A.

Combustion usually occurs in a low Mach number flow, and
2w, /w, the wavelength of the entropy wave, can be very short
indeed for high-frequencydisturbances. Then turbulent mixing and
diffusion tend to smooth out the entropy fluctuations as they convect
downstream. As a consequence, although a strong entropy fluctua-
tion may be generated in the flame zone, the amplitude of a high-
frequency entropic disturbance may be negligible by the time the
wave reaches the exit of the combustor. Judgment is needed, based
on the ratio of mixing to convection time, to decide whether the
entropy waves persist as far as the downstream contraction. If they
do not, p’ should be replaced by its acoustic contribution p’/¢* in
the downstream boundary condition (48). We would expect the en-
tropy fluctuationsto only be of importance for the lowest-frequency
acoustic mode, if at all. Figure 7 shows the effects of a mean flow
on the lowest acoustic mode of oscillation when the entropy wave
has diffused before the exit contraction. The frequency varies only
very slightly with Mach number, that is, the variation is order Mach
number squared and is 5% at a Mach number of 0.2.
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Fig. 7 Variation of frequency with Mach number for lowest-frequency
mode, taking Q = 0: ——, acoustic mode when diffusion attenuates
the entropy waves by the combustor exit, hence mode is near w; and
———,including entropy waves, hence mode is alow-frequency convection
mode.
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An additional consequence of a mean flow is that it admits a
different mode of oscillation, one with a much lower resonance fre-
quency (typically 40-150 Hz for aeroengines), where the period of
oscillation is set by the convection time of the entropy fluctuations
from the flame zone to the exit nozzle and the propagation of an
acoustic wave back upstream (see Zhu et al.?®). This acoustic wave
causes unsteady combustion through its effect on the inlet veloc-
ity. The unsteady combustion leads to entropy waves or local hot
spots. At these low frequencies, the entropy wavelengths are long
and the waves undergo little attenuation, generating sound as they
are convected through the downstream contraction. The acoustic
wave propagates back upstream, thus, completing the cycle. Only
the first few harmonics of this type of mode will be presentbecause,
as already discussed, at higher frequencies the entropy waves will
diffuse. An example of such a convectionmode is shown as a dashed
line in Fig. 7. We see that the frequency is approximately propor-
tional to the Mach number.

In this section, we have introduced some of the parameters that
affect one-dimensional acoustic waves in gas turbine combustors.
In many industrial gas turbines, where the combustors are long, the
most unstable modes are indeed plane, but even these combustors
support more complex modal solutions. Aeroengine combustors are
often annular with a short axial length. Then the lowest frequency
(and often the most unstable) modes are associated with circum-
ferential waves. We discuss these more general modes in the next
section.

Modal Solutions

We now consider perturbations that are three dimensional. We
consider two geometries relevant to gas turbines, first, a cylindrical
duct and, second, an annular duct. Particularattentionis given to the
special case of the latter geometry when the annular gap is small:
This limit often occurs in practical applications, and the acoustic
waves then have a particularly simple form.

Cylindrical Duct

Using cylindrical polar coordinates x, r, and 6, we are interested
in a straight cylindrical duct, 0 <r <b. Because we are assuming
that the mean flow is uniform, we must have v = w = 0. We look
for separable solutions for the three types of disturbance mentioned
earlier. The general solution is a sum of such separable solutions.

We first consider a pressure disturbance. We seek a separable
solution by substituting p’' = F(1)X (x) B(r)®(#) into Eq. (9) to
give

F// _ F/X/ s X// o X// (rB/)/ = @//
?—G—ZM +u'——-c\—=—+—+r ey =0 (56)

FX X X rB

where the prime denotes a derivative with respect to the ar-
gument. We see that solutions take the form F(f) = exp(iwt),
X (x) = exp(ikx), and ©(0) = exp(inf), with

rBY +=n*rHrB=0 (57)

where A2 = (w + uk)?/¢* — k*. For continuity in 6, the circumfer-
ential wave number n must be an integer. The axial wave num-
ber k and complex frequency w may take any complex value,
but they are dependent. The general solution of Eq. (57) is
B(r)=cJ,(Ar) +c, Y, (Ar), where J, and Y, are the Bessel func-
tions of the firstand secondkind, respectively.Because Y, is singular
atr =0, we musthave ¢, =0, and the rigid-wall boundary condition
v(b) =0 implies

dJ,
—=(b) =0 (58)

For a given n, this gives an infinite number of discrete solutions for
A. The solutions are all real,”” and without loss of generality we
may take A > 0. We define A, ,, to be the (im + 1)th solution. The
full solution can be expressed as an acoustic wave of the form?®

p' = Ay expliot +inb + ik, x)B, , (r) (59a)

1
o = _—2Ai exp(iwt +in6 + ik x)B, (1) (59b)
z

k
u = ———A, expliot +ind + ikox)B,,,(r)  (59%)
oLy
v = —Ai expliot + inf + tkix) Brn r) (59d)
pots
w = ———Asexp(iot +in6 + ikix)B, () (5%)
rpoy

with B, ,,(r) = J,(A,.r). [Note that the perturbations as given in
Eq. (59) will be complex, but it is assumed that we take the real
part.] Here o = w + ik,

ol

M 2 __ .2
o, = Mo (0 o)) ()
c(l —M?)
and M is the mean Mach number (which is assumed to be less than
unity). Also @, = CA,,_,, (1 — M?)1/2 is the complex cutoff frequency
oftheduct,and A, , whichmay be complex, are the wave amplitudes.
Forrealw > w., A, is adownstream-propagatingwave and A _ is an
upstream-propagating wave. For real o < w. the waves are cutoff.
Defining the square root in Eq. (60) to be a negative imaginary
number, A is now a downstream-decayingdisturbanceand A_ is
an upstream-decaying disturbance. For complex w, a combination
of these behaviors is seen.
The separable solutions for an entropy disturbance are entropy
waves of the form

0 =—(1/c*)Ag expliowt +inb + ikyx)E(r) (61)

with p'=u'=v'=w’ =0, where ky = —w/u and E(r) can be any
functionof r. For a vorticity disturbance, the solution can be thought
of as a sum of two types of vorticity wave, one where the radial
velocity is zero and one where the circumferential velocity is zero.!?
The first type has the form

= (n/pc)Ay expliot +ind +ikox)V (r) (62a)
w' = —(kor/pC)Ay expliwt +inf +ikox)V (r)  (62b)

with p’ = p’ = v’ =0, whereas perturbations in the second type can
be expressed as

1 dw
u' = —Ayexpiot +ind + ikgx)—(r) (63a)
pcr dr

ik
v = ——% Ay expliot +inf + ikex)W (r) (63b)
pcr

with p’ = p’ =w’ =0. The only restrictions on V (r) and W (r) are
that V(0) = W(0) =W (b) =0.

In this section we have assumed that the duct wall is rigid. The
case of a compliant duct wall is discussed by Eversman,?® as is the
case of a nonuniform mean flow.

Annular Duct

Many gas turbines, particularly aeroengines, have an annular ge-
ometry. Hence, we will now consider the form of perturbations that
can occur in the gap between two rigid-walled concentric cylinders
a <r <b. The acoustic waves are the same as for a cylindrical duct
except that now29

dJn
il m (r) (A'il m b) Jil (A'il m ) - = (A'il.lllb)Yil (A'il.lllr) (64)
and A,, m > 01s now the (m + 1)th solutlon of
dJ,
(A'il llla) (A'il m b) (A'il Illb) (A'il llla) (65)

from the rlgld-wall boundary condmons onr =a andr =b. [Using
a similar approach to that given by Watson?’ to prove that J, only
has real zeros, it can be shown that the solutions of Eq. (64) are
again all real.] The entropy waves are unchanged. For the vorticity
waves, there is now no restriction on the function V (r), whereas for
W (r) we have W (a) = W (b) =0.
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Narrow Annular Gap

Inannulargas turbines, the radial gap of the combustoris typically
shorter than the axial length and much shorter than the circumfer-
ence. In such situations, we may approximate the flow by consid-
ering the case when the annular gap is narrow, that is, a & b. For
m =0, B, o(r) can be approximatedas constant; hence, in particular
v’ =0, and it can be shown that A, o ~n/R, where R = %(a + b).
The higher-order radial modes, m > 0, are highly cut off (meaning
that they have rapid axial decay) and can be ignored. (Comparison
with full solutions confirms the expected radial independence.) For
the entropy and vorticity waves, E (r) and V (r) should be taken to
be constant whereas W (r) should be discarded. (For more details
on this approximation and its applicability see Stow et al.'*)

We now illustrate modal solutions, specifically, circumferential
modes in a narrow annular gap, with an example. As before we
considera uniform straight duct, length /. However, we now impose
a mean flow and change the inlet and outlet boundary conditions
to be choked. Also, we assume the duct to have a narrow annular
cross section. Entropy waves (and vorticity waves if n #0) will
be generated at the inlet and convected with the mean flow to the
outlet where they can interact with the acoustic waves. However,
becausethe entropy and vorticity waves have a short wavelength[see
Egs. (61-63)], if the ductis long they are likely to be diffused away
by mixing processes before they reach the combustor outlet. Hence,
initially we ignore the influence of these waves at the downstream
boundary. When the Mach number in the duct is taken to be small,
the choked inlet and outlet boundary conditions give u’ ~ 0. Hence,
for plane waves, n =0, the resonant modes of the duct for integer
m are approximately the organ-pipe resonances,

o~ o, =muc/l (66a)
p(x) ~ A, cos(mmx /1) (66b)
u(x)~ —(iA,/pc)sin(mmx/l) (66¢)

where we have taken p'(z, x, 0) = p(x) exp(iwt + in). For cir-
cumferential waves, n # 0, for integer m, w is given by

1
o~ (@2 +0?)’ (67)
where w, =nc/R is the cutoff frequency of the duct, with the mode-
shapes also approximatedby Eqgs. (66b) and (66¢). In particular, for
a givenn the lowest frequency mode is close to the cutoff frequency
and has a pressure perturbation that is roughly uniform axially. The
frequencies [=Re(w)/(27)] and growth rates [= —Im(w)] of the
modes for n =0 and 1 are shown as circles in Fig. 8. The pressure
distribution for the second n = 1 mode at a sequence of times in its
oscillation period (T' = 1 /frequency)is shown in Fig. 9. Axially the
mode s a standing half-wave, whereas circumferentiallyitis a spin-
ning whole wave. All of the modes have negativegrowthrate. This is
because the choked inlet and choked outlet boundary conditions do
not give a perfect reflection of acoustic waves and are, therefore, a
0
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Fig. 8 Frequencies and growth rates of resonate modes of a duct with
choked outlet: X, choked inlet with entropy and vorticity waves in-
cluded; , choked inlet with entropy and vorticity waves assumed to be
dissipate before combustor exit; +, open inlet (hence, no entropy and
vorticity waves); and ———, cutoff frequency of the duct for n = 1.

c) d)

Fig. 9 Time sequence of pressure distribution in thin annular duct
for second mode in Fig. 8b (choked—choked configuration with dissipa-
tion of entropy and vorticity). Light indicates pressure greater than the
mean, that is, positive perturbation, and dark indicates negative pres-
sure perturbation (arbitrary scale): a)t =0; b) ¢t = T/4; ¢) t = T/2; and
d)t=3T/4.

sources of damping. If entropy and vorticity wave propagationis in-
cluded, many more modes are found, as denoted by crossesin Fig. 8.
The modes are roughly u/(2]) Hz apart, that is, Re(Aw) ~wiu/l.
The least stable modes, that is, those with the largest growth rates,
are found to be close to the modes when entropy and vorticity waves
are ignored. For comparison with the earlier examples, results for an
open inlet/choked outlet are shown as pluses in Fig. 8. As we would
expect, the frequencieslie midway between the chokedinlet/choked
outlet frequencies. In this case, neither entropy nor vorticity waves
are generated by the openinletand so neither are presentin the duct.
Also, the growth rates are less negative here because the open inlet
gives no damping.

Application to Gas Turbine Combustors

So far, we have described the modal analysis of simple cylindrical
and annular ducts and shown how, with appropriateboundary condi-
tions, it leads to their resonant frequencies. However, the geometry
of gas turbine combustors is far from simple. The acoustics of the
gas turbine from compressor exit to turbine entry may play arole in
combustion instability. A typical geometry is shown in Fig. 10.

The high-speed flow at the compressor exit is slowed down in
a diffuser and made more uniform in preparation for fuel addition
and combustion. At the downstream end of the diffuser, the air is
accelerated through premixing ducts, where fuel is added, and the
premixed fuel and air then enter a combustion chamber, where it is
burnt. Although this geometry is complex, it is made up of a series
of annular and cylindrical ducts: The flow passage is annular at
compressorexit, the premix ducts have small cross-sectionalareasin
which only one-dimensional waves propagate, and the combustion
chambermay be either annularor cylindrical.Our earlieranalysisis,
therefore, relevant provided we know how to join ducts of different
cross-sectional areas. We can illustrate the approach by discussing
the simple quasi-one-dimensioml geometry in Fig. 11.

Acoustics of the Diffuser/Plenum

‘We investigate the form of linear disturbancesin the geometry of
a plenum section, premixing ducts, and combustor. In this example,
we will assume that the frequency of oscillationis sufficiently low
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Fig. 10 Typical gas turbine geometry.
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Fig. 11 Simple quasi-one-dimensional combustor.

that only plane waves carry acoustic energy, with all higher-order
modes decaying exponentially with axial distance.

At the inlet, representing compressor exit, the flow is nearly
choked. This means that the mass and energy flow rates are nearly
constant irrespective of downstream pressure perturbations and (as
discussed in boundary conditions section earlier) this leads to in-
let boundary conditions for the linear waves of frequency w. The
relative wave strengths at A—A’ (Fig. 11) are then completely deter-
mined.

Equations (7c), (7d), and (9) describe how those wave develop
along the plenum, hence, determining the unsteady flow at entrance
to the premix duct.

Joining Plenum and Combustor

There are two main approaches to relating the perturbations in
the plenum and combustor: One is purely acoustic and often relies
on empirical inputs, whereas the second is model based through
appropriate application of the equations of conservation of mass,
momentum, and energy.

The acousticapproachinvolves determination from experiment™
or simple models®!32 of the transfer matrix N(w), which relates
pressure and velocity perturbations at the entrance to the premixer
(denoted by subscript 1) to perturbations downstream of the com-
bustion zone (denoted by subscript2):

[31} = N«o)[fz} (68)
u; Uy

(A schematic diagram is shown in Fig. 12.) The 2 x 2 matrix N
depends on the details of the geometry and the flow between x; and
X,. For example, for the duct with uniform cross-sectionalarea, and
a flow with negligible mean flow and the flame model in Eq. (24b),
we found [see Eqs. (25a) and (27)]

1 0
N=[ ) _J (69)
0 [1—Bexp(—iwTt)]

In the case where the premix duct is short and has small cross-
sectional area and there is no combustion, the flow in the pre-

premix duct

—

combustion zone

Fig. 12 Schematic diagram of premix duct and combustion zone (for
definition of transfer matrix).

mix duct is effectively incompressible, and the pressure differ-
ence across it can be related to the rate of change of momen-
tum in the premix duct. For negligible mean flow, the relation-
ship is A3(p, — p2) =(8/0t)(ALpu); =iwp As Lsii;, where A is
the cross-sectional area and L the effective axial length, suffix 3
denoting flow within the premix duct. From conservation of mass,
A i, = A,ii, = Asii;. Hence, we have

[1 iwﬁA2L3/A3i| 70)

0 Ay/A

For more realistic conditions, N can be investigated through care-
fully chosen experiments. Typically such experiments involve in-
troducing an acoustic source at an upstream location S in Fig. 11.
The source could be an in-line siren or wall-mounted loudspeak-
ers. By the driving of the source at a range of frequencies, p; (w),
i) (), p»(w), and i1, (w) can be measured. However, the impedance
Z,(w) = p, /1, is specified by the downstream geometry and so, for
a particular downstream geometry, only the product of N[Z,, 117
can be investigated. Measurements are needed with two different
downstream impedances if all four coefficients are to be found. In
practice, this can be done by making measurements with two differ-
ent downstream lengths, or alternatively, a single length with two
different exit conditions, for example, open and constricted. The
advantage of this approachis that it does not rely on any modeling,
assumingonly thatthe perturbationsare linear. Therefore, it gives an
accurate representationof the jump or joining conditions across any
geometry of premix ducts and combustion zone. Its disadvantages
are that it provides little physical insight, and also measurements
must be made with the flow between x; and x, representative of
full-scale conditions, not only in terms of geometry, but also with
the correct inlet temperature, pressure, mass flow rate, and rate of
combustion. This method has been used successfully by Paschereit
etal.*® to characterizethe pressure/velocityrelationshipacrossa pre-
mix duct and combustion zone in a geometry similar to that shown
in Fig. 11.

An alternative approach is based on conservation equations 3*~%¢
The premixer geometry may be modeled by several compact area
changes connected by straight ducts. At an area increase, the mass
and energy fluxes are unchanged,and momentum flux increased by
the axial force on the walls; hence, we may take

Aspauy = Ajpruy (71a)
H, = H, (71b)
Aspy + Asz”% =Ap + AlPl”% (71c)

where subscripts 1 and 2 denote the flow parameters and areas before
and after the area change, respectively. (Here the pressure on the
abrupt expansion has been taken to be p;; however, some pressure
recovery could be included through the use of a loss coefficient.) To
find the perturbations after the area increase, Eq. (71) is linearized
in the usual way to give a transfer matrix relating the downstream
and upstream flow.
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Table1 Geometry and flow conditions for simple
combustor (based on an atmospheric test rig)

Description Value
Choked inlet, mass flow rate 0.05 kgs_1
Choked inlet, temperature 300K
Plenum, cross-sectional area 0.0129 m?
Plenum, length 1.7m
Premixer, cross-sectional area 0.00142 m?
Fuel injection point, fuel convection time 0.006's
Premixer, length 0.0345m
Combustor, cross-sectional area 0.00385 m?
Flame zone, temperature after combustion 2,000 K

Combustor, length 1.0m
Open outlet, pressure 101,000 Pa

An area decrease can be assumed to be isentropic. This together
with conversation of mass and energy gives

Aspolty = Ajpiuy (72a)
H, = H, (72b)
p2/p} =i/l (72¢)

For no mean flow, the jump conditions at any area change simplify
to

[PI} = [Aul; =0 (73)

The flame is also treated as compact,and so Eq. (10) appliesacross
it. However this approach needs a flame model relating the instan-
taneous rate of heat release to the oncoming flow. Flame models
are discussed by Lieuwen,* but here we note that they can be de-
termined either by analytical descriptions of the flame dynamics®?’
or through numerical® or experimental investigations® ~#° of the
unsteady combustion response to inlet flow disturbances. Mea-
surements carried out at low and high pressure have remark-
ably similar forms* but different amplitudes, supporting the idea
that the flame transfer function can be investigated by suitably
scaled experiments or through local computational fluid dynamics
solutions.

Linear Waves in the Combustor

Once the fluxes of mass, momentum, and energy are known in the
combustor justdownstreamof the zone of combustion, the strengths
of the linear waves can be calculated. Equations (7c), (7d), and
(9) describe how those wave develop along the combustor, thus,
determining the flow at exit. For a general value of frequency w, this
will not satisfy the downstream boundary condition. The resonant
frequencies are the values of @ at which the downstream boundary
condition s satisfied.

Example 5. We now consider an example of a complete sys-
tem, consisting of a plenum, premix system, and combustor, sim-
ilar to that shown in Fig. 11 except that the combustor has an
open end. Details of the geometry are given in Table 1. A simple
flame model,

0/Q = —k(i, /i) exp(—iwT) (74)

is used at the start of the combustor, where m; is the air mass flow
at the fuel injection point (taken to be at the start of premixer). The
circles in Fig. 13 denote the resonant modes of the geometry for
k = 0. Several modes are seen, all of which are stable as we would
expect because there is no unsteady heat release. The premix duct
provides sufficient blockage that it acts approximately like a hard
end (' =0, maximum pressure amplitude) to disturbances in the
plenum. This means that there is a family of resonant frequencies
consisting of resonances of the plenum. In Fig. 13, these are seen at
110,203,289,416,and 511 Hz, the first being the fundamental half-
wave mode and the othersbeingits harmonics. The mode at337 Hz is
the first of a family of combustor modes. Taking the front face of the
combustor to be a close end gives only a very crude approximation
because the discrepancy in area between combustor and premixer
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Fig. 13 Resonant modes of simple combustor: X, modes for
k =1; 4 k = 0, that is, no unsteady heat release; and , variation
between these two values.

is not as large as for the plenum. The mode is somewhere between
a quarter-wave and a half-wave resonance of the combustor. (Its
modeshape is very similar to that in Fig. 14f.) The low-frequency
modeat30 Hz is aresonance of the geometry as a whole, specifically
a quarter-wave.

We now introduce unsteady heat release by setting k to be unity.
The resulting modes are denoted by crosses in Fig. 13. (The lines
show the variation for k between 0 and 1.) The unsteady heat re-
lease has little effect on some modes, but generally the growth rates
are increased, pushing the modes into instability. In additional to
the original modes, there is a new set of modes associated with
flame model. These are closely related to the additional modes
for nonzero t found in example 1: Their frequencies are approx-
imately 1/7, 2/7, and 3/7, and their growth rates become large and
negative as k tends to zero. The modeshapes for k =1 are shown
in Fig. 14.

Annular Combustors

‘We now consideran annular gas turbine for which the plenum and
combustor have a narrow annular gap cross section, as discussed
earlier. Hence, we take the perturbationshave the form of a circum-
ferential mode. Wave propagation in the plenum and combustor is
given by Egs. (7¢), (7d), and (9) as before. (See also the section on
modal solutions.) When joining annular ducts of differentinner and
outerradii, consideringconservationlaws in a thin sector of the tran-
sition leads to the same flux relationshipsas for plane waves, with
the addition that the angular-momentumflux is unchanged.!” Hence,
if the premix region also had an annular geometry, the perturbations
for a circumferentialmode can be foundin much the same way as de-
scribed for plane waves. Typically, however, the premix region con-
sists of a large number of identical premix ducts evenly distributed
around the circumference. Hence, there is a loss of axisymmetry,
and we might expect that this would interact with the circumferen-
tial wave in the plenum to produce circumferential waves of other
orders, that is, modal coupling would occur. In fact any additional
modes will be high order. (See the following section on modal cou-
pling.) Thus, it is valid to consider a single circumferential wave of
aselectedorderin the plenum. The premix ducts will usually also be
annular; however, they will have a much smaller cross section than
the plenum and combustor and so, for frequencies of interest, the
perturbationsin them will be one dimensional. The circumferential
wave in the plenum produces identical perturbations in the ducts,
except that each is phase shifted. The equationsrelating the pertur-
bationsin the plenum to those in the premix ducts are similar to those
for a simple area decrease, with adjustments due to the change from
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Fig. 14 Modeshapes for simple combustor, k = 1.

a circumferential disturbance to a set of one-dimensional perturba-
tions. The propagationof these one-dimensionaldisturbancesalong
the premix ducts can be found as before. At the inlet to the combus-
tor, the ring of phase-shifted one-dimensional disturbances creates
a circumferential wave of identical order to that in the plenum.
The resonant modes for circumferential waves of this selected order
can then be found by investigating the propagation of this circum-
ferential mode through the combustor and determining the reso-
nant frequencies at which the downstream boundary condition is
satisfied.

Modal Coupling

In uniform cylindrical and annular ducts, the solutionsin Eq. (59)
fordifferentvaluesofn and m are independentand can be considered
separately. However, nonuniformitiescan lead to a coupling of these
modes. For instance, if the duct has an area change, but remains
axisymmetric, the circumferentialmodes, that is, different values of
n, are still independentbut the radial modes, that is, different values
of m, become coupled. Consider, for example, a circular duct that
has an abrupt area increase at x = 0. We denote conditionsin x <0
by superscript (1) and in x > 0 by superscript (2). The duct is then
r <b® for x <0 and r <b? for x >0, with b® > b _ For the
case of no mean flow, only acoustic waves are present, and so from
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Eq. (59) for a given n we may write for x <0

p' = exp(iwt + inf) Z [A;’.f,i) exp(ik;, x)
m=1

+ AV exp(ik; %) | Buw (1) (75a)

n,m

and forx >0

p' =exp(iowt + ind) Z [A:'f,f) exp(ik:.mx)
m=1

+ A, exp(ik; )| Bow (1) (75b)

n,m

with similar expressions for the other flow variables. Miles*! and
Alfredson* considered this problem for plane waves; however, the
extensionto n # 0 is straightforward (as is the extension to annular
ducts). Atx =0, we musthave continuityof p’ and u’ for0 <r < bV
(continuity of p’, v, and w’ follow from continuity of p’), and on
the rigid wall bV < r < b?®, we require u’ = 0. This leads to a linear
system of equations relating A*¥) and A*?). The amplitudes for
one value of m are found to depend on those for all other values
of m, meaning that the radial modes are coupled. In Eq. (75) we
included all of the radial modes; however in practice for m suffi-
ciently large the waves will be highly cutoff and so can be ignored.
Hence, we can approximate using a finite number of radial modes,
for example, 0 <m < M. Some example results for n =0 modes
in a duct in which the area doubles are shown in Fig. 15. The ra-
dial variations of the magnitudes of the pressure and axial velocity
on either side of the area change are shown, the solid and dashed
lines denoting the values in the larger and smaller area regions,
respectively. These results are for M =5; as more radial modes
are included, the matching becomes better and the solutions more
accurate.

A similar approach was used by Akamatsu and Dowling* to
consider three-dimensional combustion instabilities in a cylindri-
cal combustor with a ring of premix ducts. Oscillations in the pre-
mix ducts were assumed to be one dimensional, and these were
treated as point sources when joining to the combustion chamber.
The loss of radial symmetry here lead to a coupling of the radial
modes in the combustor. Perhaps surprisingly, because the premix-
ers were identical and evenly distributed circumferentially, the cir-
cumferential modes remained uncoupled. Similarly, Evesque and
Polifke* found that circumferential modes became coupled only
when their premix ducts were nonidentical. In fact, it can be shown
that a ring of identical premix ducts does not introduce coupling of
circumferential modes provided that N is less than half the num-
ber of ducts. In other words, any coupling occurs in high-order
modes that decay rapidly with axial distance and are not of practical
interest.

Coupling of circumferential modes in a narrow annular gap
has been considered by Stow and Dowling.** The presence of
Helmbholtz resonators in the geometry destroys the axisymmetry
causing modal coupling. We now describe their method of solu-
tion because the approach should be generally applicable to finding
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linear resonances in problems with modal coupling. We write
p'(t,x,0)=p(x,0)exp(iowt) with

00

p(x.0)= D p,(x)exp(ind)

n=-00

and similarly for the other variables. For |n| large (for example,
[n| > N), the mode will be highly cutoff; hence, in a similar way to
the radial modes earlier, we approximate by taking

N

p(x.8)= Y pa(x)exp(ing)

n=-N

At the inlet of the geometry, there are boundary conditions that
apply to each mode independently. These define the perturbations
for each circumferential mode n except for an unknown parameter
An. For instance, if it is an open end, p =0 for all 8, implying that
P. =0foralln andso we may set A} =—A- =, (withno entropy
or vorticity waves). Here A\=[A_y, ..., Ay]” describesthe relative
amplitude and phase of the modes at the inlet and must be found
as part of the solution. Similarly, at the outlet, there is a boundary
condition that applies to each mode independently. We define u,, to
be the error in this boundary condition for circumferential mode n,
for example, for an open end we may take u, = p,. Given @ and
A, all the circumferential components at the inlet are known. We
can step through the geometry calculating all of the circumferential
modes at each section before continuingto the next. For the solution
thus found, each mode will have an error at the outlet, 1,,. We must
find w and A to satisfying u,, = 0, thus, giving a resonance of the
geometry. For a given w, we define the matrix M to be such that
M, ,, is the value of u, for the solutionwith A; =4; ,,. For a general
A, iy =M, 1, because the perturbationsare linear. Hence, for the
correctvaluesof w and A, MA = 0. For a solution to exist, A # 0, and
so this implies thatdet M= 0. Thus, the procedure to find a complex
resonant frequency w is to first guess the value of @ and calculate
the matrix M and then iterate the value of w to achievedet M= 0. For
this value of w, a A will exist giving MA = 0. Finally, this correct A
is calculated using an inverse iteration method (MA,ew = Aowa)- The
modeshape for the resonance can then be calculated using this A.
As before, the resonant frequency and growth rate are given by w.

Conclusions

A series of model problems with very simple geometries has
been considered to investigate the modal analysis of the various
components that make up a gas turbine combustion system.

The form of the coupling between the heat input and the unsteady
flow has been demonstratedto have a crucial effect on the frequency
of oscillation. A one-term Galerkin series expansionis not adequate
to determine this frequency shift for the sorts of unsteady combus-
tion response typical of gas turbine combustors. The effect of the
mean temperature ratio across the combustion zone can be signifi-
cant. Mean flow effects are not significant for Mach numbers less
than about 0.2; however, a mean flow does introduce the possibility
of a new mode of oscillation: one at much lower frequency where
the period of oscillation is set primarily by the time taken for the
convection of entropy waves, or hot spots. Higher-order modes in
the annular and cylindrical ducts bring in the possibility that the
modes are cutoff. We have described how a typical LPP combus-
tion system can be built up and analyzed through connection of a
series of cylindrical and/or annular ducts. In many geometries, the
premixed ducts provide sufficient blockage that these modes of os-
cillation are close to separate modes of the plenum and combustor
with a hard or approximately constant velocity boundary condition
at the premixer. Finally, we have noted that modal coupling may
occur when the geometry is no longer axisymmetric.

The models presented apply to small linear oscillations, not to
the large-amplitudelimit cycles that cause problems in gas turbines.
However, linear models can provide important information to gas
turbine designers and operators. First, the models give predictions
of linear instability boundaries. An oscillation will always be small

to begin with, and if it is linearly stable, it will not grow to form
a limit cycle. Second, the frequency of a linear mode provides a
good approximation to that of the resulting limit cycle. Damage is
often the result of a oscillation frequency being close to a struc-
tural resonant frequency of a component of the gas turbine, and
so knowledge of potential frequencies can be very useful. Finally,
linear models can be adapted to give predictions of limit-cycle am-
plitude. The main effect determining the limit-cycle amplitude is
likely to be a saturation of the heat release oscillation from the
flame. One may assume that elsewhere nonlinear effects are less
important, and so the linear models are still applicable except for
that there is an amplitude dependence in the flame model. A de-
scribing function analysis can then be used to give predictions of
limit-cycle frequencies and amplitudes instead of linear frequency
and growth rate (Dowling'#). The great advantage of the linear ap-
proaches presented is their speed. Many geometry configurations
and operating conditions can be investigated in a relatively short
time.

Appendix: Derivation of Equation (42)

When heat conduction and viscous effects are neglected, the en-
tropy equation (4) simplifies to

PS5 _ (A1)
pTo =4

Replacing S by the perfect gas form S=c,logp —c,logp, we
obtain
pTc,Dp Dp

= —c, 722 A2
p Dt Y +a (A2)

After substitution for Dp /Dt from the equation of mass conserva-
tion, we obtain

& DP v us (A3)
Rgas Dr P q
which is equivalent to
D
or =PV ut (y — Dy (A)

since ¢? = Y Ry T and Ry, /c, =y — 1. Equation (42) is the lin-
earized form of Eq. (A4).
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